Abstract. The "ham sandwich" theorem has been proven only for measures that are absolutely continuous with respect to Lebesgue measure. After noting some uses of the ham sandwich approach in the study of majority rule voting, we prove a generalized version of the ham sandwich theorem which is applicable to arbitrary finite measures, and give some sufficient conditions for uniqueness of the hyperplane identified by the theorem.
Introduction
The Ham Sandwich problem was first posed by Ulam (1930) , and has since been examined by Borsuk (1933) , Steinhaus (1945) , Stone and Tukey (1942) , Tucker (1945) , and Dubins and Spanier (1961) . The problem derives its name from Steinhaus' picturesque formulation of the problem as that of dividing a ham, butter, and bread sandwich by a plane into two parts each containing exactly one half of the ham, one half of the butter, and one half of the bread.
The theorem has an n-dimensional generalization which uses the following definitions: A hyperplane is any set of the form
where v ~ S"-z, and c ~ N. Here S"-1 is the n -1 sphere of unit length vectors in P-". We use the notation 
., #, defined on the Borel subsets of n-dimensional Euclidian Space, ]R", if each #i is absolutely continuous with respect to Lebesgue measure, there exists a hyperpIane which simultaneously bisects each measure.
The usual proof goes as follows:
(1) Consider the measure #,. We know from measure-theoretic considerations that, for each unit vector v, there exists a real number c~ such that the hyperplane H v = {x E N" Ix. v = cv} bisects/~,. (2) Now define a mapping f from the unit n -1 sphere S"-1 to N"-1 as:
fj(v) ~ (#j(H +) -#j(H~)),
for j = 1,..., n -1.
Note that f is continuous and that f(v) = -f(-v).
(3) Use the Borsuk-Ulam theorem 1 to infer that there exists a v ~ S"-1 which f maps into the origin in IR"-1, implying I~j(H +) = #j(H~) forj = 1 ..... n and proving the theorem.
The Ham sandwich theorem and its proof depend on the absolute continuity of the measures #i. Otherwise, the function f defined above need not be continuous. In fact, the theorem as stated is not true for general measures, as is illustrated by the example of Fig. 1 , where #1 and #2 are the atomic measures defined by setting #1(Xi) = #2(Yl)= 1/3 for i= 1, 2, 3, and #1(x)= #2(Y)= 0 otherwise. Here, any bisecting line for #1 must pass through one and only one x~, with the remaining xSs lying on either side of the line. A bisecting line for #2 must have similar properties. But no line passing through one x i and one y~ splits the remaining points in the desired fashion.
Although there is no besecting hyperplane for the example just given, note that the line L is a "median" hyperplane for both measures. A median hyperplane for #~ is defined as a hyperplane H for which/~(H +) < #i(lR") and #i(H ) < &(IR") 2 2 Median hyperplanes emerge naturally in the investigation of majority rule voting, and can be used to solve one of the oldest problems in the formal mathematical study 
